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1. INTRODUCTION 
Multiple pion production without annihilation in antiproton-proton in­
teractions has been reported in bubble chamber experiments at antiproton 
iaboratory momenta of 2.5 (Oj 2.7 (2), 2.8 (3)'j 3-28 (4-6), 3.6 (7*9), 
3.66 (5, S)j 5.7 (9-12), and 7.0 (13) GeV/c. The cross-section for the 
douole pion production reaction 
pp - ppnl: (1 ) 
is found to increase rapidly with beam momentum from 1.46 mb at 2.5 GeV/c 
to a maximum of 3.8 mo at 3*6 GeV/c, then decrease slowly. 
A dominant feature of Reaction 1 at all of the above momenta is the 
presence of double resonance production. The reaction is found to proceed 
primarily through the intermediate quasi-two-body reaction 
?p - A"^ . 
1 _ (2) 
Upit 
Here A^ is the [p-wave, I = 3/2, = (3/2)*] baryon resonance having 
a central mass of 1236 MeV and a width of 120 MeV, and decaying 100% to 
pTi*. The importance of this double resonance production is seen in the 
I I I I ^ > I I dominance of Reaction i by nearly 100% A  A  production near the A  '  A  
threshold of 2.0 GeV/c. In fact. Reaction 1 has not been observed belov; 
2.0 GeV/c, even though its threshold is 1.2 GeV/c (14). 
A second prominent feature of the reaction is a sharp peaking at small 
angles in the distribution of the production angle, defined as the angle 
^The reaction reported here was pp(n) ppri*^ (n), using a deuterium 
target. 
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between the incoming p and the outgoing pit system in the over-all center-
of-mass. This peripheral character of the reaction suggests the possibility 
of interpreting the interaction in terms of a long range force or, equiva-
lently, the exchange of a l ight particle, the pi meson. The one-meson-
exchange model has become widely used for the calculation of cross-sections, 
invariant mass distributions, angular distributions, and decay angular 
correlations for peripheral meson-nucieon and nucleon-nucleon interactions. 
Explicit calculations can be done easily for quasi-two-body reactions 
(15-17), so Reaction 2 offers an appropriate test of the model. 
At the time this study was begun, the only near-threshold investiga­
tions of Reaction 1 reported were the previous Iowa State University ex­
periment of Crawley et_ (2) at 2.7 GeV/c and the experiment of Ferbel 
et^ aj_. (4-5) at 3.28 GeV/c. At the lower momentum. Reaction I had been 
found to proceed 100% through the intermediate reaction (Reaction 2), 
while this double resonance production had been found to account for 80% 
of the Reaction 1 events at the higher momentum. The one-pi on-exchange 
model had been found to give reasonably good predictions of the pit^ and 
2 pit invariant mass distributions and of the distribution of A ,  the four-
momentum transfer from the incoming p to the outgoing pit system. However, 
at 1.1  GeV/c, the model did not predict the decay angular distributions 
correctly, and the j spin-density matrix element (not calculated at 
2 3 . 2 8  GeV/c) was found to have a strong A  dependence not predicted by the 
model. 
It was decided to investigate the near-threshold energy dependence of 
these effects by taking data at momenta on both sides of 2-7 GeV/c. The 
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i i ioniunta chosen were 2.4 and 2.9 GeV/c, with 50% more pictures to be taken 
at the lower momentum because of the anticipated rapid decrease of the 
Reaction 1 cross-section with decreasing beam momentum. These data would 
provide tests of the one-pion exchange model and perhaps suggest addition­
al model calculations. 
Presented here is an investigation of Reaction 1 at 2.4 and 2.9 GeV/c 
and comparisons of the intermediate reaction (Reaction 2) with the one-
pion-exchange model predictions. The near-threshold energy dependence is 
examined, including the data from the previous experiment at 2.7 GeV/c. 
Also presented are the cross-sections for the triple pion production 
reactions 
pp - ppjt"n (3) 
pp - pnit^fl\ (4) 
pp npn It jt"*". (5) 
Preliminary reports of this investigation at 2.9 GeV/c (18-20) and of other 
final states in these experiments (21) have been presented elsewhere. 
The experimental procedure is discussed in Section 11. The experimen­
tal results are given in Sections III and IV, and these are compared with 
the predictions of the one-pi on-exchange model in Section V. Section VI 
is a summary of the present and previous experiments on Reaction 1. 
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i l. EXPERIMENTAL PROCEDURE 
The following discussion is a description of the details of the ex­
periment, from the accelerator run to the selection of final data samples. 
The experimental run and the beam properties are described briefly in Part 
A, while the scanning and measuring are discussed in Part B. Part C Is 
devoted to an explanation of the procedures used for kinematic f itt ing and 
the selection of events, and Part D l ists the tests which were made to 
insure that the final data samples were free of biases. 
A. The Accelerator Run and Beam Properties 
The Brookhaven National Laboratory 3'"in. hydrogen bubble chamber 
was exposed to an electrostatically separated beam of 2.9 GeV/c antiprotons 
and, subsequently, to one of 2.4 GeV/c. In tuning the beam, a clear sepa­
ration of the pions, kaons, and antiprotons was seen at both momenta, in­
suring that a reasonably pure sample of antiprotons reached the bubble 
chamber. In addition, the purity of the beam was monitored by a Cerenkov 
counter which recorded pions and muons. At each momentum, this procedure 
resulted in a beam which was estimated to be more than 99% antiprotons, and 
no corrections were made for beam contamination. 
The beam flux entering the bubble chamber was monitored by a scintil la­
tion counter, in order to obtain pictures having maximum numbers of beam 
tracks consistent with ease of scanning and measuring, this counter was 
required to indicate a pulse of between six and sixteen particles before a 
picture was taken. This flux was determined more precisely at scanning 
time by counting the number of beam tracks in every tenth frame of the fi lm. 
(Only those tracks entering the fiducial volume used were included in this 
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count.) The flux was found to be 8.8 beam tracks per picture at each momen­
tum. 
At the beginning of the data analysis, the momentum of the beam used 
in the fitt ing procedure was the value determined from the field settings 
in the magnets used to direct the beam into the chamber, in order to get 
more precise values, tne events accepted as due to Reaction 1 at each 
momentum were reprocessed, treating the momentum of the beam as unknown. 
These events were used because the masses of all the particles in. the reac­
tion were known. The calculations were otherwise independent of the previ­
ous fitted values. The distributions of the fitted beam momenta resulted 
in values of 2375 -= 75 and 2885 = 80 MeV/c for the two data samples. All 
measured events were then reprocessed using these values. 
B. Scanning and Measuring 
Totals of 58,277 pictures at the lower momentum and 37,189 at the 
higher were scanned for four-prong events, resulting in samples of 17,613 
and 10,246 events, respectively, in the fiducial volume used. Approximate­
ly 10,000 pictures at each momentum were scanned a second time to deter­
mine the efficiency of locating four-prong events. i t was determined that 
the first scan was 88% efficient at 2.4 GeV/c and 92% at 2.9 GeV/c. Only 
those events found in the first scan were included in the samples of events 
measured. As is shown in Part D, this did not result in biased data sam­
ples. 
The four-prong events measured totaled 15,965 at 2.4 GeV/c and 9393 
at Z.y UeV/c. Tnese events were measured in three stereoscopic views, with 
the results recorded on punched cards. The remaining four-prong events 
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Found in the scan were determined to be unmeasurable in one or more views 
due to very faint tracks, flash spots on the fi lm, very large numbers of 
tracks in the picture, or other reasons. 
It was necessary to remeasure some of these events after the recon­
struction and f itt ing had been done. The reasons for this are discussed 
in Part C. A few of these events to be remeasured at 2.9 GeV/c, and all 
of them at 2.4 GeV/c, were reprocessed on the new on-line measuring system 
(22). Instead of the output of the measuring machines being punched on 
cards, i t was sent directly to a computer. The reconstruction in space 
and a few of the fitt ing attempts were done immediately, and the measurer 
was instructed by the computer either to measure the event again or to 
go on to the next event. These instructions were based on the size of 
errors in the reconstruction and on comparisons of proton and antiproton 
identifications (see Part C) made by the measurer to the particle types 
in the fits obtained. If there were large errors or i f an event had an 
identified particle but no corresponding f it, the computer asked that the 
event be remeasured. 
C. Fitting and Event Selection 
1. Criteria of f i ts 
Each measured event was reconstructed in space and kinematical 1 y f itted 
using the program GUTS (23, 24). An attempt was made to f it each event 
to all mass hypotheses for four or five particles in the final state con­
sistent with the selection rules of the strong interactions. In this 
fitt ing procedure, the quantity chi-squared, which is a measure ot the con­
fidence level of a f it, is defined by (24) 
/ 
5  3  - A , ,  -  B , / ] 2  
X  =  Z  Z  
i=i j=i 
IJ 
wnere 
'«ij J '  
Aj] is the measured azimuthal angle, A|2 's the tangent of the measured 
dip angle, and Aj^ 'S the measured curvature, defined as [momentum X cos 
(dip)] ^, for the itrack (beam and four outgoing tracks). The quan­
tit ies AAjj are the corresponding uncertainties in the measured quantities, 
and a.J are the corresponding fitted values. The missing mass for a given 
reaction hypothesis is defined as 
: E  -  ( Ï  E , ) ] Z  -  - P  -  ( E  P ; ) ] Z ,  
° i=] ' ° i=l 
where and are the total energy and momentum of the initial pp system, 
—« 
and Ej and Pj are the total energy and momentum of the i outgoing track. 
For a particular mass assignment M., E. is determined from the measured 
2 2 2 
momentum using E. = P. + M. . 1 1 
An event was said to have a f it to Reaction 1 i f the missing mass 
differed from zero by less than four standard deviations and i f chi-squared 
was less than 3I. An event was said to have a f it to any of the Reactions 
3 tnrough 3 i f the missing mass differed from the mass of the postulated 
neutral particle by less than four standard deviations and if chi-squared 
was less than I3. It was found that using more restrictive criteria elim­
inated real f its, while less restrictive ones merely included more simu­
lated fits in the data samples. 
2. Elimination of ambiguities 
Each event which had a f it to any of Reactions I, 3 ,  4, or 5 was 
checked for ionization consistence of all the outgoing tracks. Since the 
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bubble density of a track is inversely proportional to the square of the 
particle velocity, particles of the same momentum but different mass leave 
tracks of different bubble density. A f it was said to be ionization con­
sistent if the mass assignment of no track could be ruled out on the basis 
of bubble density as determined by comparing the brightness of each track 
to that of the beam track, which is nearly minimum ionizing. This proved 
to be a strong requirement for Reactions 1 and 3- It was possible to posi­
tively identify either the proton or the antiproton in more than 90% of 
the events having fits to Reaction 1 at both 2.4 and 2.9 GeV/c. For events 
which had multiple fits to Reactions 1 and/or this identification was 
usually sufficient to eliminate the ambiguities. 
Although nearly every event which had a f it to Reaction 1 was accepted 
as being due to that reaction, there were many simulated fits to Reactions 
3, 4, and 5, where one particle was unmeasured. In particular, events due 
to Reaction 1 frequently had simulated fits to Reaction 3 in which the 
center-of-mass momentum of the fitted was close to zero. So an addition­
al requirement for acceptance of f its to Reaction 3 was that the center-of-
mass momentum of the ît° be greater than 100 MeV/c. i t was also required 
that the missing mass be within 0.024 (GeV)^ of the square of the ri° mass, 
and that chi-squared be less than 2.0. These cuts were determined from 
examination of a scatter plot of the chi-squared versus missing mass squared 
distributions for all f its to Reaction 3- These requirements eliminated all 
ambiguities which had remained among the ionization consistent f its to 
Reactions I and 3-
Many of the Reaction 4 and 5 events, for which only one of the two 
9  
nuci cixiy i  •> observable, had no positively identifiable antiproton or proton. 
This was particularly true of Reaction 4 events, since the antiproton tends 
to have a high momentum. For these reactions there was a much greater 
degree of ambiguity than for the others. In order to determine which fits 
were real, an attempt was made to estimate the chi-squared and missing mass 
squared distributions to be expected from fits to reactions with an unseen 
nucléon. This study consisted of reprocessing all the 2.9 GeV/c events 
which had been accepted as due to Reaction 1. Fits were attempted to the 
reactions 
where the particles in parentheses were treated as unmeasured. These were 
taken to be good approximations to reactions 4 and 5^ respectively, in the 
sense of having a particle of similar mass and momentum unmeasured. It 
was found by examining scatter plots of chi-squared versus missing mass 
squared that 88% of the Reaction 6 events had missing mass squared differ-
ing from the square of the proton mass by less than 0.16 (GeV) and had 
chi-squared less than 2.0. The corresponding values for Reaction 7 were 
0.12 (GeV) and 4.0, the differences being due to the tendency of the former 
reaction to have a high momentum antiproton, while the latter more often 
has a low momentum proton. The curvature of the lower momentum track can 
be measured more accurately, resulting in a smaller uncertainty in the de­
nominator of chi-squared. These values were then used (along with ioniza­
tion consistence) as the criteria for acceptance of f its to Reactions 4 and 
5, respectively, at both 2.4 and 2.9 GeV/c. It was estimated that the 
pp - p(p)ît"'":t 
PP - (p)pK"fl ,  
(6) 
(7) 
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events with accepted fits to Reactions 3^ k, or 5 constituted approximately 
90% of all the measured events due to those reactions. 
3. Remeasuri nq 
It was necessary to measure some events a second time in order to 
obtain acceptable f its. An event was remeasured i f the reconstruction 
failed or had very large errors, i f the fitt ing to Reactions I, 3, or 5 
resulted in the reduction of constraints, or i f there was an identified 
antiproton or proton but no corresponding acceptable f it. 
4. Selection of final data samples 
Fits which passed all of the above requirements were subjected to one 
final test. In order to eliminate fits which were not associated with true 
beam tracks or which resulted from poorly measured events, restrictions 
were made on the momentum and angles of the incident beam particle. These 
restrictions were determined from examination of the corresponding distri­
butions for all four-prong events. The momentum was required to be within 
165 MeV/c of the appropriate value reported in Part A for each data sample. 
The dip was required to be within 5 degrees of zero, and the azimuth as a 
function of the vertex position along the incident beam direction was re­
quired to be within the box shown in Figure la at 2.4 GeV/c and Figure lb 
at 2.9 GeV/c (for simplicity in plotting, only 5,000 events were included 
in each sample). These cuts eliminated 1.6% of the accepted fits to Reac­
tion 1 at each momentum. 
I n  Table I are shown the numbers of events accepted as due to Reactions 
! Z} '•} 5 at each the romaininn events hftino dun to the many 
other possible final states having four charged particles (some of these are 
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(a) 
2 4 GeV/C 4 - PRONGS 
5000 EVENT SAMPLE 
I ; 
- 1 0  - 8  - 6  - 4 - 2  0  2  ^  b  
AZIMUTH OF BEAM DEGREES 
I—1_ 
u 
z 
X LU 
I-tr 
UJ 
> 
!0 
L 
( b )  
2 9 GeV/c 4-PRONGS 
5000 EVENT SAMPLE 
^0-e -6 -4 -2 0 Z S 
AZIMUTH OF KEAW DEGREES 
F i n i i r o  1  n l n t ^  o f  t h e  b e a m  a z i m u t h  v e r s u s  t h e -  p o s i t  on or t h e  
v e r t e x  d l o n g  t h e  i n c i d e n t  b e a m  d i r e c t i o n .  T h e  s o x e s  i n d i c a t e  
t h e  r e s t r i c t i o n s  u s e d  i n  d e t e r m i n i n g  t h e  f i n a l  d a t a  s a m p l e s .  
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discussed il l Reference 21). The chi-squared distributions for the events 
accepted as due to Reaction 1 at 2.4 and 2.9 GeV/c are shown in Figures 
2a and 2b^ respectively. 
Table 1. Numbers of events accepted 
2.4 GeV/c 2.9 GeV/c 
— + -ppit It CO
 
1015 
— + - o ppit n Ti 6 46 
— + + -prtf « 8 53 
— - - + 
npit It ]t 10 47 
D. Tests for Biases 
Approximately 40 to 45 events at each momentum had an identified p or p 
but no acceptable f it to any of Reactions ), 3, 4, or 5. These events were 
considered to be due to Reaction 1 for the purpose of cross-section cal­
culations, since statistics favor this over the other reactions in which 
there is a p or p in the final state. These events, along with the Reaction 
1 events not found in the scanning, account for a significant fraction of 
all the Reaction 1 events, and indicate the possibility of biases in the 
final data samples. This possibility was examined by looking for apparent 
violations of C or CP invariance in aii of the distributions examined which 
are subject to such tests (25). Here C is the charge conjugation operator, 
and P is the parity operator. The following distributions were compared for 
consistency with C invariance: 
1) The center-of-mass momentum distributions of the it and are 
60 
45 
30 
-r 
Y 
( a )  
2.4 GeV/c  
1 5  
m 
6 
a: 
LU 
CL 
(/) 
60 m 
UJ s « Ln 
m n u n 
'—I  P- n  
(b) 
2.9 GeV/c 
30 
15 
0 
T 
[f 
8 
n 
12 16 20 24 28 
X 
F i g u r e  2 .  C h i - s q u a r e d  d i s t r i b u t i o n s  f o r  the f i " s  
R e a c t  i  o n  1  .  
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shown in Figure 3- They should be the same. 
2) The center-of-mass momentum distributions of the outgoing p and p 
are shown in Figure 4. They should be the same. 
3 )  The center-of-mass angular distributions of then and with 
respect to the incident p are shown in Figure 5. They should be 
the same i f one is reflected about cosO = 0. 
4) The center-of-mass angular distribution of the outgoing p and p 
a r e  s h o w n  i n  F i g u r e  6 .  T h e  t e s t  i s  t h e  s a m e  a s  i n  3 ) .  
5 )  The invariant mass distributions which should be the same are 
ppjt and ppJT^j pjt IT"' ' and ,  pjt and ,  and pn^ and pri .  
These distributions were also examined. They are presented in 
Sections IV and V. 
An additional test of C and CP invariance is shown in Figures 7 and 8. 
The angle C|(pjjt ) between the projections of the final p and it  momenta 
onto the plane perpendicular to the incoming p momentum in the center-of-
mass system is shown in Figure 7. The distributions of (jlCp^n ) are shown 
in Figures 8a and Sc, while the corresponding distributions for the final 
p and are shown in Figures 8b and 8d. CP invariance requires the pir 
and pjt^ distributions to be identical, and the addition of C invariance 
requires each to be symmetric about 180°. All of the above requirements 
are satisfied within statistical l imits at both beam momenta, indicating 
that the final data samples for Reaction 1 are unbiased in this respect. 
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(II. CROSS-SECTIONS 
The cross-sections for a particular reaction can be determined from 
N =  
where N is the number of reactions, is the number of incoming beam par-
ticleSj a is the cross-section, and N /(, is the number of target centers 
per unit area. This can be conveniently expressed as 
where N is the number of measured events for this reaction, S is the scan-
m 
ning efficiency, and R is the ratio of the number of four-prong events 
measured to the number found in the scan. is the number of beam tracks 
per picture and is the number of pictures scanned, while p is the density 
of hydrogen in the bubble chamber, is Avagadro's number, A is the atomic 
weight of hydrogen, and is the average length of the interacting beam 
tracks in the fiducial volume used. 
The length /L was found from the distributions of the vertex position 
in the bubble chamber, while p was determined from measurements of the 
"length of muons in Ti^^e decays and the kna-;n range of muons in hydrogen as 
a function of density. These and the remaining quantit ies (from Section i l) 
needed to calculate the cross-sections are summarized in Table 2, where the 
numbers of events N are corrected for the losses discussed in Section i l .  
m 
The resulting cross-sections for Reactions 1, 3, 4, and 5 are given in 
Table 3. 
22 
Table 2. Data for cross-section calculations 
2.4 GeV/c 2.9 GeV/c 
) 940 1058 
N^(ppn"*it : t°) 7 51 
N^(prDt^« ) 9 59 
Njj^(npit It"*") ! 1 52 
8.8  8 .8  
Np 58,277 37,189 
S 0.88 0.92 
R 1 5 , 9 6 5 / 1 7 , 6 1 3  9,393/10,246 
p  0 . 0 6 5 8  ± 0.0005 gm/cm^ 
Oî 
6 . 0 2 5  X  1 0  atoms/atomic weight 
A 1.008 gm/atomic weight 
I  15.61 ±  0 . 3 7  in. 15.24 ± 0.25 in. 
Table Cross-sections 
— + -ppjt jt 
— + - o ppjt Jt It 
— + 4- -prm jr -a 
npjî 3T I t 
2.4 GeV/c 
1.48 ±0.07 mb 
10 ± 5 p.b 
14 ± 10 
17 X 10 
2 . 9  GeV/c 
2.53 ± 0.10 mb 
1 22 ±40 p.b 
141 ±70 
125 ±70 
23 
IV. THE ppji\ '  f inal state 
The numbers of events due to Reactions 3j and 5 ariî so small that 
no further study of these reactions was attempted. The remainder of this 
report is devoted to the investigation of Reaction I. The invariant mass 
distributions are presented in Part A, along with an analysis to determine 
—qrp ++ 
the amounts of A and à resonance production. The angular distributions 
of production of these resonances are given in Part B, and their decay 
angular distributions are shown in Part C. The spin-density matrix ele­
ments, which are related to the decay angular distributions, are also 
presented in Part C. The joint density matrix elements from the 2.7 GeV/c 
data (which were not previously calculated) are included. 
A. Invariant Mass Distributions and Resonance Production 
The square of the invariant mass of a combination of n particles is 
defined by 
9 ^ 9 • 9 M, = ( Z E.)2 _ ( s p ) ,  
l...n I ;=] I 
where E. (E? = P.^ + M?) is the energy and P. is the momentum of the i^*^ 
I  I  I  I  I  
particle. If these n particles are the decay products of a resonance pro­
duced in some fraction of the events, the invariant mass distribution wil l 
have a peak near the mass of the resonance.' I f  the resonance is produced 
in only a small fraction of the events, this peak may be only a small bump 
on an otherwise smooth distribution, or i t  may be diff icult to distinguish 
from the statistical f luctuations. On the other hand, i f  resonance produc-
If a resonance is broad, the energy dependence of the width can cause 
the observed peak to fall below the resonance mass. Jackson (26) discusses 
thi s el 'fect in detai I . 
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t ion accounts for a large part of the events, the invariant mass distribu­
tion may be dominated by the resonance peak. Examples of the latter are 
shown in Figure 9, two-dimensional scatter plots of the invariant masses of 
the outgoing pn and pit^ combinations. Each of these mass distributions is 
strongly peaked at about 1220 MeV. The clustering of each scatter plot 
about the overlap region shows the dominance of simultaneous resonance pro­
duction at both 2.4 and 2.9 GeV/c, i .e., Reaction 1 proceeds primarily 
through the intermediate Reaction 2. 
In order to determine just what fraction of the reaction goes through 
this intermediate state at each momentum, f i ts were done to the scatter 
plots of Figure 9. Since the resonances can be produced doubly, singly, or 
not at all, the theoretical expression for these invariant mass distribu­
tions was written as a sum of expressions for each of these possibil i t ies. 
The form used is L (u3 , t »} )  = Ci(pit pn^) F(pit pit^) 
+ a :(APIT^) F(Apn^) + Q(pn A) F(pir A) (8) 
+ "(AA) F(AA). 
In this expression uj(uj) is the invariant mass of the outgoing pir (pit^) com­
bination, the u's are the fractions of the events of the types indicated by 
the arguments (e.g., u(ùA) is the fraction of Reaction 1 going through the 
intermediate Reaction 2), and the F's are phenomonological expressions rep­
resenting the production and decay of the state indicated by the arguments 
(e.g., F(AA) represents phase space production of a A^ A^ state followed 
by Breit-Wigner decay of that state to pit pit^). These F's are given by 
(2, 2D) 
F(^"p,+) = C, ^ 
u) !i) E 
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F(apr.') = Cg r(pr. PÂ"^) Ç (UJ) 
,+x 
F(ZiùJ = F(p: (| (u;) (j (w), 
where the C's are normalization constants, M(m) is the nudeon (pion) nass, 
/ 2 2 
and £ is the total energy in the over-all center-of-rnass system. P(w;X jtri ) 
is the magnitude of the f inal momentum in the final prr"'" rest frame, 
given as 
= (2u)"' - 2ui^(M^ + + (M^ - .  
Here F(p:ô: pj:"*") is the four-body phase-space distribution representing the 
probabil ity of production of the pn pR^ f inal state such that the pn (pri"^) 
combination has invariant mass u j ( 'J j ) .  To  express the remaining F 's in terms 
of this one, a function ()(uj) is defined as 
m r (w) 
F(p% ù) = Cj F(p% pK^^ $ (u;) 
4(w) = 
where uj is the central value of the resonance mass and 
o 
/'P(uj;M^m^) V 
r(w) = 
|_Am  ^ + iP(u3;M ,^m^) 
(9) 
tquation S) expresses the P-wave energy-dependent width for two-body decays 
(appropriate for the P-wave resonance The quantity in square brackets 
is an empirical correction factor. The form of this factor is from nuclear 
reactions theory, and the value 2.2 for A is from a phase shift f i t by 
2 -1 
Anderson as presented by Jackson (26). Physically, (Atr. ) 2 is the radius 
of interaction of the pn '  (or pit ) system. is the width parameter, 
witn Mnde r son's r i  L rcsuiuiuy i i i  L H C  vaiuc t23 * &cV* The resulting cx~ 
Jackson notes that Cell-Mann and Watson choose A= 1.3 and r =116 
MeV. In the present study, this value of A improved the f i t slightly, 
but a "larger width was preferred. 
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pression F (àpe: 'F(pr: a) ]  is the three-body phase-space for production 
of the apj:"^ [pjt A] f inal state multiplied by a Breit-Wigner distribution 
for the decay of the resonance. This is the probabil ity that the three-
body f inal state wil l be produced followed by the decay of the resonance, 
the resulting pi: invariant mass being Similarly, F(àù) is 
the two-body phase-space for the production of multiplied by Breit-
Wigner expressions for the decay of each resonance. These forms assume 
the resonance production is "clean", i .e., interference effects are ig­
nored. 
The invariant mass distributions of Figure 9 were f i tted to Expression 
8 by maximum l ikl ihood calculations. The constants C were evaluated by 
normalizing each of the functions F to unity. This requires the fractions 
Ct to sum to one. Charge conjugation requires Û(AP:Ito equal CT(P:T A). In 
addition to the fractions Ci, and were allowed to vary in the f itt ing, 
giving a total of four free parameters. Allowing and to vary re­
quired that the normalization constants be recalculated for each variation 
of either of these parameters. The results of the f i t are presented after 
the following discussion. 
A similar f i tt ing procedure was used by Alles-Borell i et a]_. (12) at 
5.7 GeV/c. The calculations of the p:: '  and fa invariant mass distributions 
using the parameters of the f i t were found to be good representations of 
their data. This is not the case for the 2.4 and 2.9 GeV/c data, however. 
Apparently the expressions used in the f i t are not good this close to 
' , ^ '  '  '  - '  ' * — I  — - ^ f f ^ ^ M iUC QtiU fJj'. * i*o 5 a OldU) L. ^  
ters of the f i t are peaked slightly below the peaks in the data. Similar 
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diff iculties were noted at 2.7 GeV/c (27). The problem seems to be that 
the calculated distributions have relatively less events on the low mass 
side of the peak as compared to the data. No combination of zero, single, 
and double resonance production in Expression 8 can reproduce the data 
exactly. The best f i t is obtained by assuming small amounts of zero reson­
ance production along with the double resonance production and setting u)^ 
well below the resonance mass. This gives a good representation of the 
sides of the distribution, but the calculated peak is at a lower mass than 
the peak in the data. 
The f i t is particularly sensitive to the form of the energy-dependent 
width. I t was found that a better f i t could be obtained by adjusting the 
empirical correction factor A in the energy-dependent width of Expression 9-
The resulting f its to the data at 2.4, 1.1, and 2.9 GeV/c were found to be 
quite sensitive to the parameter A. In all cases the f i t resulted in A 
being close to (but not equal to) zero. The effect of moving A from 2.2 
to smaller values is to broaden the calculated distributions on the low 
mass side of the peak, leaving the high mass side unchanged. With A close 
to zero (corresponding to a very long radius of interaction), a calculated 
distribution with nearly 100% double resonance production is a better repre­
sentation of the data at each momentum than is the corresponding "best f i t" 
with A f ixed at 2.2. 
In f i tt ing the 2.4 GeV/c data, there is yet another diff iculty besides 
the form of the theoretical distribution. The kinematics require that the 
pr '  and pn invariant masses be in or very near the A'' region. Con­
sequently, zero and single resonance production can contribute only to this 
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region. This results in the f i t to the theoretical distribution of Expres­
sion 8 being rather insensitive to the fractions of zero, single, and 
double resonance production. 
Because of all of these uncertainties i t  was decided that "best estim­
ates" of the parameters should be given along with the f itted values. 
These estimates were based in part on the above discussion of the f itt ing. 
Also considered were plots of the pii and pi invariant mass distributions 
2 for events in various A bins. i t  is shown in Part C of this section that 
2 there is strong A dependence in the interaction. Events which do not in­
volve double resonance production might be found by examination of these 
2 
mass distributions as functions of A . The scatter plots of the pit versus 
the pjt^ invariant mass distributions binned on show very pronounced clus­
tering of the events in the A^ A^ region at small A^. This clustering 
2 becomes less pronounced with increasing A , due, at least in part, to kine­
matic effects. From these scatter plots i t  is clear that double resonance 
2 production accounts for nearly 100% of the events at small A ,  but i t  is 
diff icult to make a conclusion concerning the amount of non-resonant back-
2 ground at large A . Calculations using the one-pi on-exchange model (Sec-
2 t ion V) indicate, however, that even the events at large A are consistent 
with nearly 100% A^ A^ production at both momenta. Also, the model calcu 
lations, based on double resonance production alone, predict cross-sections 
for Reaction 1 even greater than the measured values at both 2.4 and 2.9 
GeV/c. 
I  he DesL estimates based on Ihese coiibiuei di-ioni di e  L l iaL  Lhc  uOuu lc  
resonance production is nearly 100% at both 2.4 and 2.9 GeV/c, any back­
ground being entirely non-resonanL. The estimated resonance masses are the 
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values which give peaks in the calculated distributions corresponding to 
the peaks in the data. These estimates are shown along with the results 
of the four-parameter f i ts in Table 4. The errors quoted for the f itted 
values are purely statistical and do not reflect uncertainties in the forms 
used for the functions F. 
Table 4. Fractions of zero, single, and double resonance production and 
the associated mass and width. 
2.4 2.9 GeV/c 
Fitted Value Best Estimate Fitted Value Best Estimate 
Ci (pri pit "*") 
G(ÂpK*)_ 
= o;(piî û) 
"(ÂA) 
uj^(MeV) 
r^CMeV) 
0.17 ± 0.04 
0.00 ± 0.01 
0 . 8 3  ±  0 . 0 4  
128 ± 7 
1213 ± 2 
0 . 1 0  ±  0 . 1 0  
0 . 0 0  ±  0 . 0 5  
0.90 ± 0.10 
120 ±8 
1221 ±8 
0 . 0 6  ±  0 . 0 1  
0.00 ± 0.02 
0.94 ± 0.02 
1 2 6  ±  3  
1220 ±  1 
0.05 ± 0.05 
0.00 ± 0.02 
0.95 ± 0.05 
120 ± 8 
1231 ±8 
In contrast to the resonance production shown in Figure S, there is no 
evidence for A^ (1 236) or A° (1236) in the pit^ and pit invariant mass dis­
tributions of Figure 10. The distributions are smooth, and there is no 
clustering in the scatter plots. All other invariant mass distributions 
were also examined, and no evidence for resonance production was seen in 
any of them (as would be expected for the case of 100% A^ A^ production). 
The -a and pp distributions are shown in Figure 11. No known resonances 
decaying to i t \ are energetically possible at 2.4 GeV/c and p(765) is too 
close to the kinematic l imit to be seen in the 2.9 GeV/c data. The bumps 
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appearing in these distributions are all apparently statistical f luctua­
tions. No resonances are expected in the pp distribution, and none are 
seen. The ppn and ppit invariant mass distributions are shown in Figure 
12. Again no resonances are expected or observed. Discussion of the 
pn\ and pji^it invariant mass distributions is given in Section V, where 
they are shown combined at each momentum (they are identical within sta­
tistics at each momentum and charge conjugation invariance is invoked). 
Known resonances can occur in these distributions, and effects were re­
ported by Bacon et (3) at 2.8 GeV/c. However, the conclusion of the 
present study is that the pit^it and invariant mass distributions are 
adequately explained by the assumption of 100% production (at least 
at 2.7 and 2.9 GeV/c) and that no resonances occur in these distributions 
(see Section V). 
B. Production Angular Distributions 
In the remainder of this report, the results of Part A are considered 
to be consistent with 100% A^ A^ double resonance production (Reaction 2) 
at both 2.4 and 2.9 GeV/c. Comments are made at appropriate points to in­
dicate the effects of adding a small non-resonant background. In studying 
such resonance production, i t  is customary to investigate the mechanism of 
production by examining the production angular distribution. The production 
angle 0^ is defined as the angle between the incident p momentum and the 
momentum of the outgoing A"*^ ( i .e., the pit system) in the center-of-mass. 
These distributions For the two momenta are shown in Figure I3. The reac­
tion is seen to be peripheral at 2.4 GeV/c, with 38% of the events having 
cosGp > 0,8, and more strongly peripheral at 2.9 GeV/c, with $6% of the 
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events having cosB^ > 0.8. Previous experiments concerning this and other 
quasi-two-body interactions have shown this tendency of the forward peak 
to become narrower with increasing beam momentum (28). An interpretation 
of the peripheral character of the reaction is given in Section V. 
C. Decay Angular Distributions and Density Matrix Elements 
Another aspect of the investigation of resonances is the examination 
of the angular distributions of decay. The angles are defined in Figure 
14, where 0 is the angle between the incident p(p) and the outgoing p(p) 
in the (A^) rest frame, and (J Is the corresponding azimuthal angle. 
The general form of the angular distribution of the A^(A^) decay products 
in the A^ (A^) rest frame can be written in a model Independent manner 
as (29) 
W(cos0,4) = C[(& - Pj j)sin^0 + pj I  (è" + cos^0) 
( 1 0 )  
• (2X^3) RePj _]Sin^8 cos2^ - (2A/3) Rep^ |Sin28 cos^], 
where C is a normalization constant. The p's are density matrix elements, 
with ^ being the product of amplitudes for producing the A with spin 
projections m/2 and n/2 along the z axis in Figure 14. In other words, the 
density matrix gives the probabil it ies of the A having various spin orien­
tations before its decay. 
The individual cos0 and (jl distributions are obtained from Expression 10 
by integration over (}) and cos0, respectively: 
Wj (cos0) = Cj[(& - P |  I) + 3( p ,  I - è) cos^0] (I I) 
Wgl?) = Cgl (I - 4/73) Re Pj cos2(tl ' ,, (12) 
where Cj and are normalization constants. By multiplying these expres-
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F i g u r e  14. D e f i n i t i o n s  o f  t h e  d e c a y  a n g l e s  9^ Cj" (0, (jl) i n  t h e  (A^) 
r e s t  f r a m e .  
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siopis by various trigonometric functions of 0 and (j) and integrating, i t  is 
possible to find the following expressions: 
(I 3c) 
(13b) 
(I3a) 
Here <f(cos8,^)> denotes the average value of the function f, defined by 
where N is the number of events, ihe density matrix elements were calcu­
lated from Expression I3 by inserting the average values of the trigono-
bined (charge conjugation invoked). The results are shown in Table 5 
along with the predictions of the one-pi on-exchange model, which is dis­
cussed in Section V. Inserting these values into Expressions 11 and 12 
gave the '• 'best f i ts" to the data shown in Figure 15. The f i ts to the cos8 
distributions are reasonably good, except for a tendency of the data at 
both 2.4 and 2.9 GeV/c to have more events near cos9 = 1 than near cos9 = -1. 
The f i ts to the ({) distributions are not very good at either momentum. There 
are departures from isotropy, particularly at 2.4 GeV/c, but the calcula­
tion does not reproduce them very well. Further discussion of these dis­
tributions is given in Section M, where the model predictions shown in 
<f(cos8,^)> = !" d(cos6) J dl|) W(cos0,{j l) f(cos8,6). 
o 
This quantity is determined from the data by 
metric functions determined frcm the data for the and decays com-
Table 5. Independent spin-density matrix elements^ 
2.4 2.7 2.9 GeV/c OPE Model 
Prediction Agreement 
p, ,  0 . 3 2 3  ±  0 . 0 1 3  0.348 ± 0 . 0 1 5  0 . 3 0 8  ± 0 . 0 1 3  0 . 5  bad 
Rep ,  - 0 . 0 3 3  ± 0 . 0 1 4  - 0 . 0 0 2  ± 0 . 0 1 5  - 0 . 0 2 6  ± 0 . 0 1 2  0 . 0  fair 
3  3  '  
Rep ,  - 0 . 0 2 8  ±  0 . 0 1 4  - 0 . 0 3 8  ±  0 . 0 1 6  - 0 . 0 2 6  ±  0 . 0 1 4  0 . 0  fair 
^The values from the 2.7 GeV/c data are included here because of an error in the report of 
Crawley aj_. (2). 
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b e e n  e v a l u a t e d  b y  A l  1  e s - B o r e l  1  i  £ £ £ ] _ .  ( 1 2 )  u s i n g  t h e  m e t h o d  d e s c r i b e d  
a b o v e  f o r  t h e  i n d e p e n d e n t  d e n s i t y  m a t r i x  e l e m e n t s . '  T h e  e x p r e s s i o n s  a r e  
-  p ' " * )  =  I f  < ( ' " 3  c o s ^ 8 ) ( ! - 3  c o s ^ 0 ) >  ( i 4 a )  
R e p ^ ^ '  =  -  — < ( l - 3 c o s ^ 0 )  s i n 2 0  c o s ( } >  ( i 4 b )  
R e p j  J  =  -  — < ( i - 3 c o s ^ 8 )  s i n 2 3  c o s d >  ( i 4 c )  
R e p ^ ^  ' =  -  < 0 ~ 3  c o s ^ S )  c o s 2 ^ >  ( ] 4 d )  
R e p  < ( i  - 3  c o s ^ 0 ) c o s 2 ( { ' >  ( I 4 e )  
R e f p j ^ l  -  p ^ ' ]  ^ )  =  < s i n  2 0  s i n 2 0  c o s  ( ^  +  ( J i ) >  ( ! 4 f )  
R e ( p ^ ' j  -  P j ' ^  ^ )  =  • ^ < s i n 2 0  s i n 2 8  c o s  ( ( ^  -  ( ^ ) >  ( 1 4 c )  
R e ( p j ' . ^  +  =  • ^ < s i n 2 0  0 0 5 ( 2 ^  +  ( | ) >  ( 1 4 h )  
R e f p ^ ' j ^  +  ? Y  =  • ^ < 5 i n 2 ô  c o s  ( 2 ^  -  ( J ) >  ( i 4 i )  
-  f .  ' • ' . • ^ 1 =  ~ < s i n 2 0  c o s  f W  +  2 Ô ) >  ( I 4 j )  
' 3 , - 1  j , - '  •  o  •  •  
T h e r e  a r e  a  n u m b e r  o f  e r r o r s  in t h e  e x p r e s s i o n s  o f  R e f e r e n c e  1 2 .  
The forms given here were calculated by R. A. Leacock. 
hi 
^ <sin20 cos - 2())> 
Retpj^,] + = I  <cos2(^ + (|)> 
Re(p^j 2 + P!i J) = 2 <cos2(5 - ())> 
(14k) 
(14m) 
(144) 
where 
P 
m,n (15a) 
p  = p  + p  - p  - p  
m^n ^m,n m,n ^m,n 
(15b) 
The values obtained from the data are given in Table 6, where they are 
compared to the predictions of the one-pion-exchange model (discussed in 
Section V). 
2 These matrix elements were also calculated as functions of A ,  the 
square of the four-momentum transferred from the incident p to the out­
going pit system. This was done by applying the method described above 
2 to the data in various A bins. The results are shown in Figure 16, and 
are discussed in Sections V and VI. 
Table 6. Joint spin-density matrix elements^ 
Rep3' '  
Rep— 
Re(p^^, 
Ke(P|;l| • c',l0 
Re(p3;;' + p,;;)) 
Re(pf;- ' .  p|;;3) 
^Thg values from the 
previously calculated. 
2.4 2.7 
0,052 ± 0.045 
0.002 ± 0.045 
0.034 ± 0.045 
0.048 ± 0.048 
0.107 ± 0.046 
0 . 0 1 0  ±  0 . 0 3 1  
0 . 0 3 0  ±  O . O 3 I  
0 . 0 2 8  ±  0 . 0 3 3  
0 . 004  ±  0 . 0 3 2  
2 . 7  GeV/c data of 
0 . 0 3 3  ±  0 . 0 5 0  
0 . 0 1 4  ±  0 . 0 5 2  
- 0 . 0 1 0  ±  0 . 0 5 1  
0 . 0 6 3  ±  0 . 0 5 4  
0 . 0 0 0  ±  0 . 0 5 2  
- 0 . 0 1 9  ±  0 . 0 3 6  
0 . 0 1 7  ±  0 . 0 3 5  
0 . 0 4 0  ±  0 . 0 3 8  
0 . 0 3 9  ±  0 . 0 3 6  
Crawl ey et. aj_* (2) 
2.9 GeV/c OPE Model 
Prediction Agreement 
0.086 i  0.042 0.25 bad 
0.004 ± 0.040 0.0 good 
0.020 ± 0.043 0.0 good 
0 . 0 2 2  ±  0 . 0 4 3  0 . 0  fair 
- 0 . 0 2 0  ± 0.044 0 . 0  fair 
-0.053 ± 0.029 0.0 fai r 
0 . 0 1 9  ±  0 . 0 2 8  0 . 0  good 
0 . 0 7 9  ±  0 . 0 3 1  0 . 0  fair 
0 . 0 2 7  ±  0 . 0 3 2  0 . 0  fair 
present here because they were not 
T a b l e  6  ( C o n t i n u e d ) .  
2 . 4  2 . 7  2 . 9  G e V / c  O P E  
P r e d i  e t  i o n  
Model 
Agreement 
0 . 0 1 8  ±  0 . 0 3 4  0 . 0 3 5  ±  0 . 0 3 7  0.007 ±  0 . 0 3 0  0 . 0  good 
R e ( p 5 ; ; 3  - 0 . 0 2 6  ±  0 . 0 3 3  0.089 ±  0 . 0 3 7  0 . 0 0 0  ±  0 . 0 3 1  0 . 0  f a  i  r  
R e ( p ^ ; ; ]  + 4;:^ 0 . 0 0 4  ±  0 . 0 3 5  0 . 0 6 2  ±  0 . 0 4 0  0 . 0 3 8  ±  0 . 0 3 3  0 . 0  f a i  r  
R = ( p ! i ; ;  - 0 . 0 1 6  ±  0 . 0 3 5  - 0 . 0 1 0  ±  0 . 0 3 9  - 0 . 0 2 6  ±  0 . 0 3 4  0 . 0  good 
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V. COMPARISON OF THE DATA WITh THE ONE-PiON-£XCHANGE MODEL 
It was noted in Section IV that Reaction i  is peripheral, particularly 
at 2.9 GeV/c. This suggests the exchange of a l ight particle, the pi me­
son, in the interaction, and indicates the possibil i ty of interpreting 
the data using the one-pion-exchange (OPE) model. in this section, the 
OPE calculations are discussed and compared to the data. The choice of 
Feynman diagrams to be used in the calculations is discussed in Part A. 
In Part B, the predictions for the spin-density matrix elements are given, 
while Part C is devoted to a discussion of the differential cross-section 
da/(dw^ dw^ dù^) and the resulting predictions of the pn (or pzi^) in­
variant mass distributions and the four-momentum transfer distributions. 
The total cross-section predictions and the calculations of the 
(or ) invariant mass distributions are discussed and compared to the 
data in Parts D and E, respectively. 
A. The Feynman Diagrams 
All possible OPE diagrams for Reaction ( are shown in Figure 17. The 
general form for the contribution of the double-isobar and I^ diagrams 
to the differential cross-section is (15) 
d c  1  
7277—2 = '"i  , ,2  2,2 'u 
d(i5 dw dû (A +fr. ) 
where f, and f are kinematical and dynamical factors for the lower and 
-6 u 
upper vertex, respectively, and and are the corresponding cross-
sections for the appropriate Nn scattering process at each vertex. is 
2  2 - 1  
a product of form-factors and off-shell corrections, and (A +m ) is the 
pion propagator, u j(u j) is the invariant mass of the outgoing particles 
p 
TT 
P 
( a )  
P 
ir "+ 
TT 
•t>~ p 
( c )  
F  i  g u  r ,  :  1 7 .  O P E  d i a g r a m s  f o r  L h e  r e a c t i o n  p p  p p n " ^ 3 i  
d i a g r a m .  c )  D r e  1 1  d i a g r a m s .  
TT ~ 
( b )  
00 
-O-
TT 
q )  D o u b l e - i s o b a r  d i a g r a m .  b )  
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2 
at the upper (lower) vertex, and A is the square of the four-momentum 
transferred from the incoming nucléon to the outgoing system at the same 
vertex. 
The principal difference between Expression 16 for the double-isobar 
diagram and the I = diagram is in the cross-section a. (c ). For the 
z z 'C u 
double-isobar diagram, this is the cross-section for the elastic scattering 
process :r t^p j r '^p ( i t  p _ n p), while for the 1^ = ^ diagram the reaction 
i  s It p jt p (: i^ 7t"V). The ratio of the former cross-section to the 
latter is 9:1, so the ratio of the predicted contribution to the differ­
ential cross-section in Expression 14 is 81:1. For this reason the ~ 
diagram was neglected in the calculations. 
The form for the contribution of the two Orel 1 diagrams to the differ­
ential cross-section is given by Ferrari (3I) as 
2 2 do _ a'  ,  ,  
—: r = A (A ) 5-9" —5—5-r P(w;M ,m ) w a (uj), (17) 
d/ dA^ kTiuV (AWr ° 
cm 
where the product of form-factors and off-shell corrections is 
A(A^ ) = rl + (A^ -Hn^ )/90m^ ]'^  
and where 
P(uj;M^,m^) = ^[uj^ - 2ou^(M^ + m^) + (M^ - m^)^j .  
2 G = 14.5 is the N-'-Nii coupling constant, W is the total center-of-mass 
energy, and P is the center-of-mass momentum, cu is the invariant mass 
cm 
2 
of the final Nnn system, and A is the square of the four-momentum trans­
ferred from the incoming nucléon to that system at the same vertex. 
a^(m) is the cross-section for the reaction jt"p p (or %~p -  it #'p), 
which cannot be observed directly. Estimates of this cross-section have 
oeer, maae by Ferrari ( 3 I )  using isotopic spin arguments and the observed 
cross-sections for other i t  N ri i:  N reactions. His result was represented 
by a second order polynomial in W; and Equation I7 was integrated over the 
2 
allowed values of A and w to determine the expected contribution of the 
Orel 1 diagrams to the Reaction i cross-section at each momentum. The 
values obtained are 0.6 mb at 2.4 GeV/c and I .3 mb at 2.9 GeV/c. These 
values are 40% and 51 respectively, of the cross-sections for Reaction 1 
reported in Section III. However, the Orel 1 diagrams can contribute only 
to zero or single resonance production. Since the conclusion of Section 
IV was that the reaction proceeds almost entirely through double reson­
ance production, the Orel 1 diagrams were neglected on empirical grounds. 
Also neglected were possible contributions from rho meson exchange. These 
contributions are expected to be small compared to those for pion exchange 
due to the larger mass in the rho propagator. The model calculations which 
follow are based entirely on the double-isobar one-pi on-exchange diagram. 
It is shown in Part D that the calculated contribution to the Reaction 1 
cross-section from this diagram alone is even larger than the measured 
cross-section at each momentum. 
B. Spin-Density Matrix Elements 
The one-pi on-exchange model for Reaction 1, as based on the double-
isobar diagram, assumes the exchange of a spinless particle and no f inal 
state interactions. The te relative orbital angular momentum is perpen­
dicular to the z axis in Figure 14, so the only possible spin projections 
of the à along the z axis are x Thus the only non-zero elements ex­
pected in the independent density matrix are the ones for these projections. 
51 
namely n, , and p , Since Z p =1 and p = p (3O). tine 
' ^1,1 •^-1,-1 ^m.tn ^m.m ' 
' ' m  ^ ' j 
predictions for the density matrix elements are p, , == and Rep ,  = 
I J I Z Jy I  
Repj = 0. The experimental results of Table 5 disagree with this 
3 J " '  
value of p| j at all three momenta. An even more striking disagreement 
2 between the model and the data is the strong A dependence of P| j shown 
in Figure 16. A calculation by Svensson (32) taking into account absorp­
tion by other possible f inal states accounts for a comparable effect in 
the data at 3.6 and 5.7 GeV/c. However, a similar calculation by Hi te 
and Jackson as presented by Crawley (2) failed to reproduce the effect 
at 2.7 GeV/c. 
Using the model predictions for the density matrix elements in Ex­
pressions 11 and 12 results in the predicted distribution Wj (cos9) having 
the simple form I + 3 cos^G, while is independent of the azimuthal 
angle These forms are compared with the data in Figure 15. The agree­
ment with the COS0 distributions is seen to be very poor at both 2.4 and 
2.9 GeV/c, and the () distributions show deviations from isotropy, parti­
cularly at 2.4 GeV/c. 
The above argument concerning the model predictions for the indepen­
dent density matrix elements applies to the joint density matrix elements 
as well. So all elements having ±3 in either the superscript or the sub­
script are predicted to be zero. This means that the only non-zero ele­
ment expected among the terms in Expressions 14 is p'^' in 14a. From 
Equation 15 and = 1 (3O), the expected value is p*'^ = -p|' | 
• !  1 1 -» 11 1 
-p2j'_] = - j  , or - p ' ^ ' )  =  ^  .  The experimental value of this 
quantity shown in Table 6 does not agree with this prediction. This is 
to be expected because of the relationship of p'^' to pj which also 
differs from the prediction. All of the other joint density matrix ele­
ments in Table 6 are in reasonably good agreement with the model, indicat-
—qcp ++ 2 
ing l i tt le or no correlation in the A  and A  production. Some A  depen­
dence in a few of these terms is indicated in Figure 16; however, most of 
these fluctuations are not statistically significant. 
T 2 . C. pTi and pr. Invariant Mass and A  Distributions 
The one-pi on-exchange model predictions of the spin-density matrix 
elements do not depend on any form-factors which may be used to account 
for the virtuality of the exchanged pion and other off-shell effects. For 
calculations which do depend on these quantit ies, the form-factor of Durr 
and Pilkuhn (17) as f i tted by Wolf (28) was used. The differential cross-
section for Reaction 1 is given by (2, 15) 
— 2 ^ 2 2 
-ZÔ ;  9= a(w,w,A ) ^ wP(w;M ,m )a, (lu) 
dm dw dA l&i^F 
(18) 
1 _ _ 2 2 
X —:—7^ W P(uj;M ,m )a, (w), ] 
2 
wnere the notation is the same as that used i n  P a r t  A .  F  is a kinemati-
2 2 4 
cal factor defined by F = (Pj • P^) - M ,  where Pj(P2) the incoming 
p(p) four-momentum. G j (uj) [Oj (w) j  is the total cross-section for the 
pT: -, pn: [pji"*" -, pzi"^] scattering process occurring at the upper [ lower] 
vertex of the double-isobar diagram. For (w), the Breit-Wigner form 
2it [r(w)]2 
Oj (u)) = ; 9 2  ^ 2 ~ ~2 i . . 7 (^ 9) 
LPlw;M",m ) j  iw-wg) + I2 i  lw/j 
was used, with the empirically corrected energy-dependent width expression 
53 
of Gel I-Mann and Watson (33): 
r(u)) = 27^rP(u);M^m^)a]^/rl + {P(u);M^,in^)a}^] , 
2 
where 2y = 116 MeV, a = 0.88/ni, and u) = 1236 MeV are the parameters 
A. O 
of a f i t to the data. Although the f i t was done several years ago, com­
parison of the calculated values of a| (lu) with a recent compilation of 
fl^p elastic scattering data (34) shows that the f i t gives a good represen­
tation of the data. This form of r(m) is equivalent to the form given in 
Section IV, where F and A correspond to and (am) respectively 
(a = .88/m implies A = I .3). Q(uj^u) j<a^)is the over-all form factor (17, 28) 
defined by 
a(ui,t«,A^) = G^(A^) A(u) jA^)A(U),A^) ,  
where 
2  (U) + M)  ^ + 
A(ui,A )  = 2 2 
(m + M) - m 
P(w;M2,-A2) 
Lp(w;M2,m2) 
^ I + R^[P(u);M^m^)/ 
1 + R^[P(u);M^,-A^)]^ 
2 2 2 
and G(A ) = (c-m )/(c+A ). The empirical parameters determined by Wolf 
(28) from a f i t to the data for several reactions are c = 2.29 ± 0.27 
(GeV)^ and R = 2.97 ± 0.11 (GeV)~'. 
—2 2 Integration of Equation 18 over u) and u) results in the double-iso-
bar one-pi on-exchange model prediction of the differential cross-section 
2 
with respect to A .  This prediction at each momentum is shown normalized 
to the data in Figure 18. The agreement is seen to be very good at 2.9 
2 GeV/c, even for large A . At 2.4 GeV/c, the calculated peak is slightly 
too broad, but is a reasonable representation of the data. 
Integration of Equation 18 over A^ and results in the model pre­
diction of the differential cross-section with respect to tu. This predic-
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(a) 2.4 GeV/c 
n M 
2.9 GeV/c 
0 0.6 1.2 
(GeV/c 
.8 2.4 
Figure 18. The i  distributions. The solid curves are the predictions 
of the double-isobar OPE model normalized to the data. 
tîon at each momentum is shown normalized to the combined pn and pit in­
variant mass distributions in Figure 19. The shapes of the calculated 
peaks are seen to be good representations of the data, but they are cen­
tered at sl ightly higher mass than are the data, particularly at 2.4 GeV/c 
The phase-space predictions for these distributions are considerably 
broader than the double-isobar curves and are peaked at somewhat lower 
mass. The predictions of the double-isobar model were also compared with 
• — "t" * , 2 the combined pit and pit invariant mass distributions in various à bins. 
2 The agreement was seen to be approximately the same for all A at both 
momenta, supporting the conclusion of nearly 100% double resonance produc­
tion. 
D. Cross-Sections 
The only dependence of these calculations on the data presented here 
is in the over-all normalization. An absolute prediction of the model is 
the total cross-section for pp The predictions at 2.4, 2.7 
and 2.9 GeV/c are 1.94, 2.60, and 2.82 mb, respectively, based on the 
double-isobar diagram alone. These are compared to the experimental cross 
sections for Reaction I  of 1.48 ± .07, 1.93 ± .16, and 2.53 ± .10 mb, 
respectively, at these momenta. I t is seen that the energy dependence 
is roughly correct, but that the model predictions are too large by an 
over-all multiplicative constant (1.3 at 2.4 and 2.7 GeV/c, 1.1 at 2.9 
GeV/c) in Expression 18. Comparison with other data is given in Section 
VI. 
t .  pi t  II  and  pi i  I t  Invar iant  Mass  Dis tr ibut ions  
The  double - i sobar  one-p ion-exchange  model  a l so  predic t s  the  d i f feren-
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MASS pTT and pir"^ MeV 
» ^ 
and pit invariant mass distributions comb i  
curves are the predictions of the double-iso 
normalized to the data. 
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Liai cross-section with respect to u, the pn\ invariant mass. The 
pii \  and pjr% invariant mass distributions are identical within statisti­
cal l imits and are shown combined in Figure 20a at 2.4 GeV/c and 20c at 2.9 
GeV/c. No outstanding enhancements are seen in the 2.9 GeV/c data or in 
that at 2.7 GeV/c (20, 27), although there are possible small effects at 
2.7 GeV/c in the regions 1400 to 1450 MeV and 1600 to lyOO MeV. In the 
2.4 GeV/c data there appears to be an effect in the region 1440 to 1520 
MeV. 
The presence of a resonance decaying to or pn\ would be in­
consistent with the conclusion that Reaction I  is dominated by nearly 100% 
production. However, in a recent study of the reaction pp(n) -« 
ppit^it (n) at 2.8 GeV/c by Bacon ej^ (3), effects were reported in the 
pn\ and pn\ mass distributions. These effects were assigned masses 
of 1400 ± 10 MeV and widths of 80 ± 20 MeV. I t was also reported that 
I I I I 
resonance production (A A plus some single resonance production) 
accounts for only 72% of the events at 2.8 GeV/c. Since these findings 
are not in agreement with the 2.7 and 2.9 GeV/c results, an investigation 
was done (20) to determine whether the pit^it and pjt^ctt invariant mass 
distributions at 2.7 and 2.9 GeV/c could be explained by the double-isobar 
one-pion-exchange model. The conclusion was that the model does give an 
adequate representation of the data and that Reaction 1 proceeds essentially 
++ 100% through the A A channel at both momenta. Ferbel et al. (6) found 
that a similar calculation gives an acceptable representation of the data 
for Reaction I  at 3.28 and 3.66 GeV/c. The calculations given in Reference 
20 are summarized here, and a comparison with the 2.4 GeV/c data is in-
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The differential cross-section with respect to u according to the 
mooei IS 
do 1 2 2 2 
— = —r-r )P(ujm ) 
du 
-2 "^"^1 /-X ui — (tUj cosô; 
dCi 
2 2 2 X w Cj (uj)P(uj;M ) 
X dw dt^ dcosS^ d(|2 • (20) 
in this expression dc^/dO is ti ie differential cross-section for pit -• pjt 
scattering at center-of-mass energy w and center-of-mass scattering angle 
0j given by 
da, _ _ 1+3 cos^6 
(a)j C0SÏÏ) = a, (w) , (21 ) 
dCi 8it 
where Cj(m) is given by Equation 19 with cu replaced by uj throughout. The 
variables and l imits of integration are defined in Reference 15. Briefly,. 
2 — t is the square of the four-momentum transferred from the incident p to 
the outgoing p ,  while 9^ and are the polar and azimuthal scattering an­
gles of the f inal pTi system in the pri k rest frame, with the direction 
of the incident p taken as the z axis. The remaining quantit ies are the 
same as in Expression 18. 
The predictions of the double-isobar model for the pît% and pK%: 
invariant mass distributions, given by Equation 20, are shown normalized 
to the data in Figures 20a and 20c for the two momenta. In order to con­
sider the possibil i ty of a small non-resonant background, cuts were made 
60 
in the data to include only those events in a restricted mass re­
gion. Corresponding cuts were made in the calculation. The data having 
both pit and pii^ invariant masses in 1236 ±115 MeV and in the more re­
stricted region 1236 ± 50 MeV are shown in Figures 20b and 20d at 2.4 
and 2.9 GeV/c, respectively. The corresponding calculated distribution is 
shown normalized to the data in each case. 
The agreement is seen to be quite good at 2.9 GeV/c^ and is also 
good at 2.7 GeV/c (20). However the model does not represent the data well 
at 2.4 GeV/c. 
The pM% and mass distributions were also examined for events 
having either the pit or pit mass outside the A region, and for events 
having both pit and pit^ masses outside the A region. While the numbers of 
events meeting these requirements are l imited, both of these restrictions 
yielded pr\ and pit^jt mass distributions at 2.4 GeV/c which lacked the 
apparent enhancement in the 1440 to 1520 MeV region. Apparently this 
effect is associated with the double-resonance production. Further evi­
dence of this comes from the prediction of phase-space, which is peaked 
well above 1520 MeV. 
I t was noted that the calculations are rather sensitive to the energy-
dependent width used in Expression 19. A good representation of the real 
:it^p elastic scattering data was necessary to get good predictions of the 
pji V and pn ir mass distributions at 2.7 and 2.9 GeV/c. The failure of 
the model to predict the pjj density matrix element was found to be of 
2 l i t t l f i  c o n < ; f t n i i f t n r . f t .  h n w r n v e r .  T h p  o r m d i r f i n n s  u s i n n  I  ^  r n c  8  f n .  .  =  
'  ' " 1 , 1  
0.5) in Expression 21 were changed only very slightly by using I (P] j ~ 
0.25). 
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VI. CONCLUSION 
The cross-section for Reaction I is 1.48 ± 0.07 mb at 2.4 GeV/c and 
2.53 ± 0.10 mb at 2.9 GeV/c. A compilation of the reported cross-sections 
for this reaction is shown in Figure 21. The cross-section is seen to rise 
rapidly from the threshold to a maximum of 3-8 mb at 3*6 GeV/Cj 
then fall slowly. The data are consistent with nearly 100% double reson­
ance production at 2.4, 1.1, and 2.9 GeV/c. The fraction of pro­
duction is diff icult to discuss as a function of beam momentum because 
of the several different methods used to determine i t  in the various ex­
periments. Only the 63% f igure of Al 1 es-Borel 1 i  a]_. (12) at 5-7 GeV/c 
was obtained by the method used here. (Some other experimenters have sim­
ply counted events in a restricted nias s region.) Nevertheless, 
the reported values are presented in Figure 21 for comparison with the 
predictions of the double-isobar one-pion-exchange model. These predic­
tions are too large near threshold, while the data are not consistent 
enough to give a significant test at higher momenta. I f only the values 
of the A^ cross-section which were determined by the present method 
are considered, the model prediction is seen to be a good representation 
of the data at 5-7 GeV/c, becoming increasingly too large as threshold 
is approached. I t is of interest to note that replacing the form-factors 
used here by those of Ferrari and Sellari (15) results in a calculated 
cross-section which is just slightly smaller than the experimental value 
at 2.7 GeV/c (2). However the discrepancy with the data becomes larger 
at higher beam momenta, and other aspects of the data are not as well 
reproduced as they are with the present form-factors. 
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Reaction i  is peripheral at both 2.4 and 2.9 GeV/Cj the distribution 
of the center-of-mass scattering angle being peaked near cosG^ = 1. This 
peak oecomes sharper with increasing beam momentum. Wolf (28) has shown 
that this effect is consistent with the double-isobar one-pi on-exchange 
model. In contrast, the decay angular distributions are not well pre­
dicted by the model. 
The p, ,  spin-density matrix element has a strong dependence on the 
' 3 ' 
square of the four-momentum transfer, fall ing at each momentum reported 
2 here from near the predicted value of 0.5 at A = 0 to about 0.2 in the 
2 2 2 
region A ~ 0.6 (GeV/c) ,  then rising again for larger A .  A similar 
behavior is seen in the data at higher momenta, where i t  has been ex­
plained in terms of the one-pi on-exchange model with absorption (32). No 
, I I I J 
correlation in the A '  and A production is indicated by the joint spin-
density matrix elements reported here. Small correlations were observed 
at 5.7 GeV/c (12). 
The double-isobar one-pi on-exchange model gives a good representation 
2 
of the A distribution, but a somewhat less satisfying prediction of the 
pre and pre"*" invariant mass distributions. The predictions for both dis­
tributions are better at 2.9 GeV/c than at 2.4 GeV/c. The predictions of 
the pit"*!: and invariant mass distributions are acceptable at 2.9 
GeV/c, but are not at all good at 2.4 GeV/c. I t is clear that the form-
factor one-pion-exchange model, though accurate in some of i ts predictions, 
is not completely adequate for describing the data. Even the addition of 
Ct  W  ^  W I  ^  k ,  & *  I  WW t  t  WW WkWl t^  l i  W W ^  W *  t  t  W w»*w 
into agreement with the near-threshold data (2). I t is hoped that the 
64 
data presented here wil l provide an incentive for additional theoretical 
calculations. 
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